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Abstract
We investigate the physical properties of a purely kinetic k-essence model with
an equation of state motivated in superconducting membranes. We compute the
equation of state parameter w and discuss its physical evolution via a nonlinear
equation of state. Using the adiabatic speed of sound and energy density, we re-
strict the range of parameters of the model in order to have an acceptable physical
behavior. Furthermore, we analyze the evolution of the luminosity distance dL
with redshift z by comparing (normalizing) it with the ΛCDM model. Since the
equation of state parameter is z-dependent the evolution of the luminosity distance
is also analyzed using the Alcock-Paczyn´ski test.
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1 Introduction
The discovery of the accelerating expansion of the universe [1, 2] is one of the most
intriguing and puzzling questions in cosmology today [3, 4, 5, 6, 7]. There are sev-
eral attempts to address this question and they include: the cosmological constant,
quintessence field [8, 9, 10, 11], brane cosmology scenario [12, 13] and k-essence models
[14, 15, 16, 17, 18, 19, 20, 21]. Among the former proposals the cosmological constant is
the simplest choice although it needs a fine tuning value. There are different approaches
that try to model the late-time accelerated expansion of the universe including modified
gravity at large distances via extradimensions or including a dark energy component
that allows accelerating universes by means of a kind of energy that does not fulfill the
strong energy condition [22]
Scalar fields models with non-canonical kinetic terms have been proposed as an al-
ternative to describe the dark energy component of the universe. The k-essence type
lagrangians were introduced in several contexts, for example, as a possible model for
inflation [14, 23]. Later on k-essence models were analyzed as an alternative to describe
the characteristics of dark energy and as a possible mechanism of unifying dark energy
and dark matter [24]. Purely kinetic k-essence models [25, 26, 27, 28] are, in some sense,
as simple as quintessence because they depend only on a single function F by means
of the expression for the density Lagrangian L = F (X), where the kinetic term is X .
It is very interesting to note that the form of the purely k-essence Lagrangian appear
in superconducting membranes where it is constructed by means of a spontaneously
symmetry breaking of an underlying field theory [29, 30, 31, 32]. The scalar field is
related to the U(1) symmetry breaking corresponding to the electromagnetic field and
it is responsible for the existence of permanent currents. This kind of fields have been
studied for superconducting strings and walls [33, 34, 35]. Following the idea of Rubakov
and Shaposhnikov [36], who postulated that our universe can be viewed as a topological
defect, we want to introduce the k-essence field in the form of a superconducting mem-
brane field. In this proposal we can start with a 5-dimensional field theory and follow
a similar pattern for the formation of a superconducting membrane. We postulate that
our universe can be viewed as a topological defect and the k-essence field emerges in a
similar fashion as a scalar field from a spontaneously symmetry breaking of the underly-
ing field theory. It is worth to mention that several equations of state have been studied
including ρ = p+constant [29] and the so called permanently transonic or Nielsen model
for superconducting strings and membranes of the form ρp = −constant [31, 37, 38].
It is very important to remark that this equation of state corresponds to a k-essence
Chaplygin gas model [39, 40, 41].
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It has been argued, in the context of superconducting extended objects [33], that
a polynomial type equation of state of the form∗ ρ = d + bp + cp2 (where d,b, and
c are constants related to the mass of the charge carriers and the Kibble mass) is a
better equation of state in order to describe some properties of this kind of objects.
As a first approach we would like to study this kind of equation of state. However,
it remains to develop the complete construction of a 5-dimensional field theory and to
obtain the possible modifications that can arise from higher dimensions. In addition,
we can consider this kind of equation of state as an expansion in Taylor series of ρ(p)
around an specific value of the pressure. Inspired by these ideas we study in this work
a generalized polynomial equation of state in the context of k-essence models giving
an additional physical meaning for the scalar field. In this paper we also analyze the
adiabatic speed of sound and restrict the allowed values for the parameters included in
the equation of state in order to satisfy stability and positive energy and, besides, we find
the region for subluminal speed of sound. Also we study the evolution of the luminosity
distance dL with redshift z comparing (normalizing) it with the ΛCDM model and also
applying the Alcock-Paczyn´ski test.
This paper is organized as follows. In Section 2 we present the essential characteristics
of purely kinetic k-essence fields. In Section 3 we analyze the polynomial type equation
of state and establish the physical allowed region in the space of parameters. In Section
4 we study some cosmological properties of the parameters of the model. Finally, in the
last section we give our conclusions.
2 Purely kinetic k-essence
The k-essence model was proposed originally in [14], [15], [16] as a model to describe
the accelerated expansion of the universe within the context of inflation. The k-essence
field became later a candidate to dark energy [17, 18, 19], and as such it is defined as a
scalar field φ with non-linear kinetic energy terms in X according to the action
S =
∫
d4x
√−gF (φ,X), (2.1)
where X = 1
2
∂µφ∂
µφ. Furthermore, in this work we focus our attention on purely kinetic
k-essence models described by the action
S =
∫
d4x
√−gF (X). (2.2)
∗Usually the equation of state is written in the form p = p(ρ).
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The equation of motion for the field φ is obtained in the usual way from the last action
and is written in the form
∇µJµ = 0, (2.3)
where the conserved current is [31, 42]
Jµ = FXg
µν∂νφ, (2.4)
where FX ≡ dFdX . The conservation of the current is equivalent to the conservation of the
energy-momentum tensor [43] of the k-essence field
T µν = FX∂
µφ∂νφ− gµνF. (2.5)
We consider the Friedmann-Robertson-Walker (FRW) metric
ds2 = dt2 − a2(t)d−→x 2, (2.6)
and the field φ to be smooth, thus X = 1
2
φ˙2, i.e. X is positive. We have a comoving
perfect fluid energy-momentum tensor where the k-essence energy density ρ and the
pressure p are given by
ρ = 2XFX − F, (2.7)
and
p = F (X). (2.8)
The conserved current gives as a result the following relation between the X parameter
and the scale factor a
XF 2X = k0a
−6, (2.9)
where k0 is a constant of integration. This solution was derived for the first time by
Chimento in [21]. Given a form of F (X), Eq. (2.9) gives a relation between X and a,
then the evolution of the equation of state parameter w and the sound speed c2s as a
function of the scale factor a. The equation of state parameter w in k-essence models
has the form
w =
p
ρ
=
p
2XpX − p. (2.10)
and the adiabatic speed of sound is given by
c2s ≡
∂p/∂X
∂ρ/∂X
=
FX
2XFXX + FX
=
F 2X
(XF 2X)X
(2.11)
with FXX ≡ d2F/dX2. In order to satisfy the stability condition c2s ≥ 0, the last equation
imposes the relation da
dX
< 0, after using eq. (2.9).
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3 The model
We consider a generic equation of state of the form
ρ = d+ bp + cp2, (3.12)
where d, b, and c are constants and their range of validity will be determined by means
of physical requirements. The form of the last equation of state is inspired by the study
of superconducting membranes (see [31]). It is interesting to note here that an analagous
equation of the form p = λ+ δρ+ κρ2 has been introduced in [44], furthermore studied
in [45, 46, 47], and subsequently generalized in [48]. A general review of different fluids
models with such a generalized equation of state is given in [49]. The relevant physical
quantities p, ρ, w, and c2s can all be computed using Eqs. (2.7), (2.8) together with Eqs.
(2.10), (2.11). In order to obtain the form of F (x) we use equations (2.7) and (3.12) so
that the equation we have to integrate is the following
2X
dp
dX
= d+ (b+ 1)p+ cp2. (3.13)
If ∆ ≡ 4cd− (b+1)2 the integration of equation (3.13) leads to three different solutions
depending on ∆ < 0, ∆ > 0, or ∆ = 0.
3.1 The case ∆ < 0
For this case it is found the following expression for p
F (X) = p =
1
2c
(√−∆− b− 1 + c˜(√−∆+ b+ 1)Xα
1− c˜Xα
)
(3.14)
where c˜ is an integration constant, and we choose it to be c˜ = 1. Defining α through the
expression 2α =
√−∆, and also β = α/c and γ = (b+1)/2c, Eq. (3.14) finally becomes
p = −β − γ + 2β
1−Xα . (3.15)
In the particular case where α = 1 our model coincides with one of the models intro-
duced by Carter and Peter in [33] where they provide a realistic representation of the
macroscopic dynamical behavior of Witten-type (superconducting) vortex defects [29].
The energy density could be written in the form
ρ =
1
2c
(
(2α+ b+ 1)X2α + (8α2 − 2b− 2)Xα + b+ 1− 2α
(1−Xα)2
)
. (3.16)
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Figure 1: Scale factor as a function of X for α = 1. For simplicity, we have chosen the
numerical pre-factor in eq. (3.18) equal to one.
The equation of state parameter w is found to be
w =
−(2α + b+ 1)X2α + 2(b+ 1)Xα + 2α− b− 1
(2α+ b+ 1)X2α + (8α2 − 2b− 2)Xα + b+ 1− 2α. (3.17)
It is worth to mention that the kinetic k-essence Lagrangian has the scaling property
L → κL, that leaves the equation of state parameter and the speed of sound unchanged,
and as a consequence it gives only two relevant parameters (for example, b and cd).
The expression for the scale factor a as a function of the parameter X is found from
Eq. (2.9) and is given by
a =
k1/6c1/3
(2α2)1/3
· (1−X
α)2/3
X(2α−1)/6
. (3.18)
Taking α = 1 and defining r ≡ k1/6c1/3
(2α2)1/3
we have finally
r−3/2 · a3/2X1/4 +X = 1, (3.19)
Our aim is to solve X as a function of the scale factor a and r. Eq. (3.19) admits four
solutions, two of them are real, and from these we consider the one physically acceptable.
In figure 1 we present the relation between the scale factor a and the parameter X
for α = 1. In order to satisfy the stability condition da/dX < 0 the values of X must
be restricted to 0 < X < 1. It is observed the following correspondence: when X → 1
then a→ 0 and when X → 0 then a→∞ if α > 1
2
.
In figure 2 we present the evolution of the equation of state parameter w as a function
of the scale factor a for different values of r but with a same value for the parameter
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Figure 2: Equation of state parameter w as a function of a for different values of r. All curves correspond to α = 1
and b = 3.
b and for α = 1. It is observed that at the beginning of its evolution the universe
has a dust-type dominant component, furthermore it evolves into radiation (w = 1/3),
then again has a dust-type (matter) component, and finally it tends asymptotically to
a cosmological constant (w = −1). On the other hand, in figure 3 it is represented the
evolution of w as a function of the scale factor a for different values of b with a same
value for r. In figure 4 it is shown the evolution of the state parameter w as a function
of a for various values for α and the parameter b.
From definition (2.11) the expression for the adiabatic sound speed is found to have
the form
c2s =
1−Xα
2α− 1 + (2α + 1)Xα . (3.20)
We would like to satisfy the physical requirement
0 ≤ c2s ≤ 1. (3.21)
The stability condition c2s ≥ 0 implies 12 ≤ α and the positive energy requirement gives
b + 1 ≥ 2α. The subluminal sound speed condition produces the inequality 1 ≤ α. In
fact, there is an open debate about the possible existence of acceptable physical systems
with superluminal speed of sound [50, 51, 52, 53, 54]. The positive energy condition is
satisfied in this model if dc > 0.
The evolution of the sound speed is represented in figure 5 and we can appreciate
that it tends to a constant. In fact, when 2α 6= b + 1, the speed of sound takes the
value c2s =
1
2α−1
when the scale factor is very large. When the condition 2α = b + 1 is
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Figure 3: Equation of state parameter w as a function of the scale factor a for different values of b All curves correspond
to α = 1 and r = 0.145.
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Figure 4: Equation of state parameter w as a function of the scale factor a. All curves correspond to r = 0.15
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Figure 5: Adiabatic speed of sound c2s as a function of the scale factor a for r = 0.15.
fulfilled the evolution of the equation of state parameter does not exhibit a cosmological
constant behavior, but for large values of the scale factor a it reaches the value w = 1
b
.
3.2 The case ∆ = 0
For this case the expression for pressure is given by
p =
1
2c
(
−b− 1− 4
lnX
)
. (3.22)
The energy density is
ρ =
1
2c
(
b+ 1 +
2
lnX
+
8
(lnX)2
)
. (3.23)
The equation of state parameter is written in the form
w =
(−b− 1− 4
lnX
)
(
b+ 1 + 2
lnX
+ 8
(lnX)2
) . (3.24)
The relation between the scale factor a and the parameter X is given by
a =
(
kc2
4
)1/6
X1/6(lnX)2/3. (3.25)
The stability condition is not satisfied in this case because there is no region where
da/dX < 0.
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3.3 The case ∆ > 0
The expression for the pressure becomes
p =
1
2c
(
−b− 1 + 2β tan
(
β lnX
2
))
, (3.26)
where 2β =
√
∆. The energy density is given by
ρ =
1
2c
(
β sec2
(
β lnX
2
)
− 2β tan
(
β lnX
2
)
+ b+ 1
)
. (3.27)
The equation for the state parameter w is
w =
−b− 1 + 2β tan (β lnX
2
)
β sec2
(
β lnX
2
)− 2β tan (β lnX
2
)
+ b+ 1
. (3.28)
For this case the expression of the scale factor a as a function of the parameter X is
found to be
a =
(
4kc2
β4
)1/6
X1/6 cos2/3
(
β
2
lnX
)
. (3.29)
Because of the oscillatory behavior of the scale factor with respect to X in Eq. (3.29),
this solution is not adequate to describe the evolution of the universe, especially when
the scale factor becomes large.
Finally, in figure 6 we present the physical allowed regions for the parameters cd and
b of the model. It is possible to include higher exponents in the polynomial equation of
state, but there is not a general analytical expression for the pressure and the energy.
4 Cosmological analysis of the parameters
The evidence for the late time accelerated expansion of the universe came from Type Ia
Supernovae observations [1, 2] and two important tests to constrain the parameters of
dark energy models in general to the current observations are the luminosity distance
and the Alcock-Paczyn´ski test [55]. The luminosity distance is calculated from
dL = (1 + z)
∫ z
0
H0
dx
H(x)
, (4.30)
where H(t) = a˙/a is the Hubble parameter that satisfies the Friedmann equation
H2
H20
= Ωm(1 + z)
3 + Ω(k−essence), (4.31)
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Figure 6: Allowed physical regions for the parameters cd and b. The dotted line corre-
sponds to points for which ∆ = 0, the full line for points where c2s =∞, and the dashed
line for points where c2s = 1.
where H0 represents the Hubble parameter at the current time t0, Ωm is the parameter
representing the contribution from matter (dust), and we represent the dark energy
component of the universe with the parameter Ω(k−essence) ≡ ρ/ρc where ρ is given
by eq. (3.16) and ρc = 3H
2
0/8piG is the usual critical density. By means of the the
normalization condition Ω
(0)
m + Ω
(0)
(k−essence) = 1 we can determine the parameter c in
terms of the other free parameters of the model. As a result we have b and r as free
parameters, the latter being defined as in Eq. (3.19). In figures 7 and 8 we compare the
luminosity distance from our model with the ΛCDM model.
From these figures we conclude that the model approaches the ΛCDM model for
large values of b and for small values of the parameter r. A more suitable way for
comparing the two models is by means of the quotient dL(KCDM)/dL(ΛCDM), where
KCDM stands for Cold Dark Matter with k-essence as the agent (dark energy) producing
the observed late-time acceleration of the universe.
Some results are shown in figures 10 and 9. These results confirm clearly the fact
that for larger values of b and lower values for the parameter r the model mimics ΛCDM.
Another useful tool to compare the predictions of our model with standard cosmology
with cosmological constant is the Alcock-Paczyn´ski test [55]. This test is independent
of evolutionary effects and is a very sensitive estimator for dark energy. Results using
this test are presented in figures 11, 12, and 13. In this test we can conclude that our
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Figure 7: Luminosity distance for r = 0.5 and for different values of b. It can be observed
that for large values of b the curves approach to ΛCDM.
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Figure 8: Luminosity distance for r = 0.325. It can be observed that the model curves
are very close to ΛCDM.
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Figure 9: dL(KCDM)/dL(ΛCDM) for r = 0.5 and different values of b. We can observe
that the difference between the models is very small
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Figure 10: dL(KCDM)/dL(ΛCDM) for r = 0.325 and different values of b
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Figure 11: Alcock-Paczynski test for r = 0.5
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Figure 12: Alcock-Paczynski test for r = 0.325
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Figure 13: Alcock-Paczynski test for r = 0.145. This figure shows that for larger values
of b and small values of r the model curves approaches to the ΛCDM model.
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model is successful to model dark energy at this level. However another tests should be
applied in order to constraint the values of the free parameters of the model. These tests
may allow direct comparison with supernovae Ia observations and Hubble parameters
results. This latter task is under current investigation.
5 Conclusions
In this paper we have considered a nonlinear equation of state for a k-essence field
inspired by superconducting topological defects. In this proposal the dark energy content
of the universe comes from a symmetry breaking mechanism of the kind of process
that give origin to cosmic topological defects. We have constrained the range of valid
parameters of the model demanding stability (the nonexistence of imaginary adiabatic
speed of sound), the condition of positive values for the energy density and moreover we
have found the regions for superluminal and subluminal adiabatic speed of sound. It is
important to mention that the velocity of the perturbations tends asymptotically to a
constant depending on the parameters used in the model and it can be arbitrarily small.
We have shown the evolution for the equation of state parameter with respect to the scale
factor and, for certain cases, the k-essence field behaves like radiation then it evolves
toward dust and finally it goes asymptotically to cosmological constant. This is an
example of a solution with k-essence that tracks the equation of state of the dominant
type of matter. We also considered the evolution of the luminosity distance dL with
respect to redshift, and for this purpose we compare the predictions of our model to
those of standard cosmology with a dark energy content (ΛCDM). The proposed model
has b and r as free parameters and the general behavior consists in that for large values of
b and small ones for r the model is similar to ΛCDM model. However there is an specific
case when the k-essence field has a positive value for the equation of state parameter for
large values of the scale factor and it does not evolve into a cosmological constant. Since
we consider the evolution of the universe from a z-dependent equation of state parameter
w(z) the luminosity distance dL(z) was also compared (normalized) with that for the
standard cosmology ΛCDM using the Alcock-Paczin´ski test. As stated before, other
tests should be applied in order to constrain the values of the free parameters of the
model. These tests may allow direct comparison with supernovae Ia observations and
Hubble parameters values. This latter task is under a current investigation. We believe
that other kind of superconducting membrane Lagrangians deserve physical exploration
within the context of purely kinetic k-essence models.
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